RICCI FLOW AND THE HOLONOMY GROUP 



Brett L. Kotschwar 
Abstract 

We prove that the restricted holonomy group of a complete smooth solu- 
tion to the Ricci flow of uniformly bounded curvature cannot spontaneously 
contract in finite time; it follows, then, from an earlier result of Hamilton 
that the holonomy group is exactly preserved by the equation. In particular, 
a solution to the Ricci flow may be Kahler or locally reducible (as a product) 
at t = T if and only if the same is true of g{t) at times t <T. 

1. Introduction 

We consider solutions to the Ricci flow 
(1-1) ^ff = -2Rc(<;), 

an evolution equation for a smooth family of Riemannian metrics {M" , g{t)). A well- 
known consequence of Hamilton's strong maximum principle for systems [H2] is the 
following characterization of the image of the curvature operator Rm : A^T* M — > 
fs^T* M of a solution to (1.1) when this operator is positive semidefinite. 

Theorem (Hamilton). Suppose g{t) is a solution to (1.1) on M x [0, T] satisfying 
Rm((;(t)) > 0. Then there exists 5 > Q such that, for t £ (0,(5), image(Rm((?(f))) C 
is a smooth subbundle invariant under parallel translation with respect to 
g(t) and closed under the bracket 

(1.2) ['^,»7]ij = g''\ojik'nij -i^jkVii)- 

Moreover, for any Q <t\ <t2 <T, image(Rm((;(ti))) C image(Rm((;(t2))). 

The theorem is of particular utility in low dimensions, where there are few possi- 
bilities for the subalgebra Rm(A^rp Af) C so(n). In three dimensions, for example, 
it implies that such a solution must have Yim[g(t)) > for t > or split locally as 
a metric product. The strict code for membership in the class of of solutions with 
nonnegative curvature operator may lead one to wonder what possibilities there are 
for a solution g(t) that attains Rm((;(to)) > everywhere only after some elapsed 
time to > 0. The condition Yim^git)) > will be preserved for t > to, and a solution 
that splits locally for to < t < T must likewise split at t = to, but we have no infor- 
mation on the properties of the solution prior to to- In particular, we cannot dismiss 
the possibility that such a solution could split spontaneously at to. One may wonder, 
more generally, whether it is possible for any solution (on a manifold with compati- 
ble topology) to acquire a novel local metric splitting within finite time. Here, one's 
intuitive picture of the Ricci flow as a "heat equation" for Riemannian metrics seems 
at odds with such a phenomenon. Surely it must violate some principle of unique 
continuation. The basic question this paper seeks to answer is: which one? 
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Our main result is the following theorem. Here Hol°(g(t)) denotes the reduced 

liolonomy group of g{t). 

Theorem 1.1. Suppose g(t) is a smooth complete solution to (1.1) on M x [0,T] 
of uniformly bounded curvature. Then Hol°(g(t)) C }lof{g{T)) for allO <t <T. 

Theorem 1.1 is the "backwards-time" analog of the observation of Hamilton (cf. 
[H2], [H4]) that the holonomy group of a smooth solution to the Rieei flow cannot 
expand within its lifetime. Thus one actually has Hol"(</(t)) = Hol"((;(0)) along the 
flow. One consequence is an affirmation of the expectation above that locally product 
metrics are, in a sense, rigid within the class of solutions to Rieei flow. 

Corollary 1.2. Let {M,g{t)) be as in Theorem 1.1. Then {M,g{T)) is locally 
reducible (respectively, Kdhler) if and only if {M,g{t)) is locally reducible (Kahler) 
forO<t<T. 

One can equivalently phrase Theorem 1.1 in terms of the time-invariance of the 
dimensions of the spaces of Vg(t)-parallel tensors. 

Theorem 1.3. If{M,g{t)) is as in Theorem 1.1, and r) e C°°{TI'(M)) satisfies 
^gmV = 0, then there exists a smooth family ri{t) e C'^{TI'{M)) for t € [0, T] such 
that Vg(t)J7(t) = and r){T) = rj. 

Since the reduced holonomy groups Holp((;(t)) are connected Lie subgroups of 
SO{TpM) = SO{n), Theorem 1.1 is equivalent to the following infinitesimal refor- 
mulation (with the choice H = l:)ol{g{T))). 

Theorem 1.4. Let g{t) be a complete solution to (1.1) on M" x [0, T] with 
sup I Rm(a;, f)| < Kq. Suppose there exists a smooth, subbundle T-L C A^T*M that is 
invariant by V g(T)-parallel translation and closed under the bracket [•,-]g(T)- Then, 
i/image(Rm(g(T))) C T-L, it follows that image(Rm(g(t))) C T-L and that T-L remains 
invariant by V g(^t)-po-raUel translation and closed under the bracket [•, •]g(t) for all 
t e [0,T]. Moreover, t)olp{g{t)) C Hp for all {p,t) G M x [0,T]. 

We divide the proof of Theorem 1.4 into several steps. In Section 3, we reduce 
it to a problem of unique continuation for a certain system; this is Theorem 3.7. In 
Section 4 we embed this system in a larger (closed) system of coupled partial- and 
ordinary-differential inequalities. The bulk of the work is the verification that this 
larger system is indeed closed; for this we must perform a rather careful analysis of the 
evolution equations of the components of our system. For the unique continuation, 
we ultimately appeal to a special case of an earlier result of the author [K] for 
parabolic PDE-ODE systems. The approach in that reference was inspired by work 
of Alexakis [A] on weakly-hyperbolic systems arising in the study of the vacuum 
Einstein equations. 

We remark that, although we restrict our attention to the Rieei flow in the present 
paper, the basic method can be applied to study the holonomy of families of metrics 
arising from other geometric evolution equations. For example, a result analogous to 
Theorem 1.1 holds for the metrics induced by the mean curvature flow of hypersur- 
faces in Euclidean space (and, with additional conditions, in more general ambient 
spaces); we intend to address this in a future note. 

2. Motivation: non-expansion of holonomy. 

As we mentioned above, it is a result of Hamilton (cf. [H2], [H4]) that a solution 
to Ricci flow with holonomy initially restricted to some subgroup of SO{n) will 
continue to have its holonomy so restricted. For this paper, the statement of this 
"non-expansion" result we have in mind is the following. 
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Theorem 2.1 (Hamilton). Suppose g{t) is a smooth complete solution to (1.1) 
with g{0) = go and \ Rm{g{x,t))\ < Ko on M" x [0,T]. 7/Hol°(t?o) = G C SO{n), 

we have liof{g{t)) CG forO<t<T. 

Theorems 1.1 and 2.1 are statements about the backwards- and forwards-time 
behavior of a solution to a (weakly-) parabolic system, and, despite their apparent 
symmetry, require rather different methods of proof. For the purpose of comparison, 
we will discuss two proofs of Theorem 2.1 in detail. The first is an elementary 
combination of Borgor's classification [Ber], de Rham's splitting theorem [DR], and 
the uniqueness of solutions for the Ricci fiow [HI], [CZ]. The second, which we defer 
to the appendix, is essentially self-contained and closer to the argument suggested in 
[H4]. 

We first give an example to show that, in general, one cannot dispense with the 
restriction that g{t) be complete (cf. also the similar example on p. 247 of [CLN]). 

Example 2.2 (Flat-sidod sphere). Lot L'^ C S'^ be a proper open set, xo G S^\U, 
and ho a metric on of Gaussian curvature Khq > satisfying Khg = on U but 
Khgixo) > 0. One can take, e.g., xo to bo the north pole, U a small disk about the 
south pole and £ C°°{S^ , [0, 1]) with = 1 on the upper hemisphere and s on 
U. By the theorem of Kazdan- Warner [KW] , one can find a metric ho with Khq = 0, 
and, for this metric, there exists T > and a solution h{t) to the Ricci flow defined 
for t e [0, T) with h{0) = ho- For any a > 0, we can define a solution ga{t) to Ricci 
flow on U by 

„ (., ,)^f ho\^i^) (^Ux [0,a] 

ga[x,i) . <^ hi^x^-t^a) (x.t)eU x{a,a + T). 

For Q < t < a, Kg^^t) = 0, but the strong maximum principle implies ^^^(t) > for 
t > 0, so Kg^(t) > for t > a. Thus {U,ga{t)) satisfles Hol°(5a(t)) = {Id} for t < a, 
but Hol°(ga(t)) = SO{2) for o < t < T. 

2.1. Non-expansion via Berger's Classification. All of the ingredients of the 
proof below can be found, for example, in the combination of the references [H4] 
and [J]. The argument can be summarized very succinctly. In the category of 
complete solutions to the Ricci fiow with bounded curvature, any initial isometrics 
are preserved, and product, Kalilcr, and Einstein initial data extend uniquely to 
solutions of the same typo. With the splitting theorem [DR] and the classification 
theorem [Ber] as it is now understood, this is enough to conclude that any restriction 
of the initial holonomy is shared by the solution at later times. 

We will refer to the following modern version of Berger's theorem (cf., e.g.. The- 
orem 3.4.1, [J]). 

Theorem 2.3 (Berger). If M" is simply connected and g is irreducible, then 
either g is symmetric or exactly one of the following hold: 

1) Hol°(s) = SO(n), 

2) n = 2771 with m > 2, and Hol"(g) = U{m.) in SO{2m), 

3) n = 2m with m > 2, and Hol°(g) = SU{rn) m SO{2m), 

4) n = 4m with m > 2, and Hol°(g') = Sp(m) in SO{Avn), 

5) n = 4m with m > 2, and Hol°(g') = Sp(m) • Sp(l) in SO{Am), 

6) n = 7 and Hol"(g) = G2 in S0{7), or 

7) n = 8 and Hol"(g) = Spin(7) m SO{8). 

First proof of Theorem 2.1. First, we may assume that Af is simply connected, as 
Hol°((/'o) = Hol''((/o) if go is the lift of go to the universal cover of M. We may also 
assume Hol°(g'o) is irreducible. Otherwise, by de Rham's splitting theorem, (M, go) 
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splits as a global product 

{M,go) ^ (iVi X iVa X ••• X 7V^,gi ® 52 • • • ©ffm). 

Each metric gi will be complete and of bounded curvature | Kin(gi)\ < Ko, and so, 
by the existence theorems of Hamilton [HI] and Shi [S], each factor Ni will admit 
a complete solution gi{t) of bounded curvature with ^^(O) = gi on some small time 
interval [0,Ti] (with depending only Ko and dim(iVi)). Then g{t) = gi{t) 
fl2(t) • • • © gm{t) will be a complete solution of bounded curvature on AI x [0, 5] for 
5 > equal to the minimum of the Ti. But, by uniqueness, there is only one solution 
of bounded curvature with initial data go, hence g{t) = g{t) on M x [0,6]. The 
argument may then be iterated on intervals of uniform size to obtain the agreement 
of g{t) with a product solution on all of M x [0, T]. Since we may then consider each 
factor independently, we may as well assume that go is irreducible. 

Now we consider each case of Theorem 2.3 in turn. Suppose first that go is 
symmetric. The uniqueness of solutions and the diffeomorphism invariance of the 
equation imply that lsom((;(0)) C lsom{g{t)). For a general metric g, denote by A{g) 
the set of isometrics A{g) = { o"g G ^sOq{g) \ — Id }. Since the composition law 
of lsom{g{t)) C Diff(M) and the set of any isometry's fixed points arc independent 
of the metric, the preservation of initial isometries also implies A{go) C A{g{t)). In 
particular, g(t) remains symmetric for t > 0. But for a symmetric metric g, each 
fixed representative Holp(p) of the isomorphism class of Hol''(g) can be described 
explicitly as the subgroup of squares of involutive isometries fixing p (cf. Proposition 
3.35 of [J]). Symbolically, 

Holp(5) = Jp{g) = lsOp{g) (1 { ag o ar \ ag,ar G A{g) }. 

Then ^4(^0) C A{g{t)) implies Jp{go) C Jpigit}) and, since g{t) is symmetric, that 

Hol°(ff(0) = Jp{g{t)) C Jp(so) = Holp(5o). 

Therefore we are left with the seven alternatives on Berger's list. The first of 
these is uninteresting, of course, as }iof{g) C SO{n) for any metric g. The second, 
Hol''(go) = U{n/2), implies go is Kahler, and it is well-known that from a Kahler 
initial metric of bounded curvature one can construct a Kahler solution of bounded 
curvature by the solution of an appropriate parabolic Monge- Ampere equation for 
the potential. This solution may, a priori, only exist for a short time, but for this 
period we must have g{t) = g{t) by uniqueness (and hence 'R6^{g{t)) C U{n/2)). We 
may then iterate as before to conclude the same on the entire interval of existence 
for g{t). 

This leaves five cases. However, in each of these, go is necessarily Einstein (cf. pp. 
53-55 of [J]). (In fact, in the cases SU{m), Sp(m), Spin(7), or G2, the metric must be 
Ricci-flat.) But, associated to Einstein initial data Kc{go) = pgo, one can construct 
the Einstein solution g{t) = (1 — 2pt)go which moves only by homothetical scaling. 
The holonomy is obviously unchanged for this solution and it is unique among (at 
least) those of uniformly bounded curvature. Thus g{t) = g{t) and G = HolP {g{t)) = 
Hol°(ff(t)). q.e.d. 

2.2. Berger's theorem and non-contraction of holonomy. It is natural to ask 
whether one can fashion an analogous argument along for Theorem 1.1. The answer 
seems to be "only partially." The failure of this argument to extend to all cases was, 
in fact, the starting point for the work in the present paper. 

Of the three primary components of the preceding proof, we nevertheless retain 
at least two. The classification component, coming from Berger's and de Rham's 
theorems and their consequences, is as applicable to g{T) as it was to 3(0). From 
[K], we also have a counterpart to the uniqueness component: two complete solutions 
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g{t), g{t) to (1.1) of uniformly bounded curvature that agree at t = T > must agree 

at times t < T. From this, it follows that any isometries of g{T) are shared by g{t) 
for t <T, and that g(T) is Einstein only if g{t) is as well for t < T. 

What we lack, rather, is the ability to construct by hand the special "competitor" 
solutions to extend the data g{T) to a solution of the same type for times t < T. 
Of course, if g{T) is Einstein, we may still construct an extension by homothetical 
scaling of g(T). However, when g{T) is Kahlcr, wc cannot simply construct a Kahler 
extension g{t) for T — 5<t<rby the method above, since we must now specify in- 
stead the data for the potential at time T. Such "terminal-value" parabolic problems 
are ill-posed and lack solutions in general. The analogous terminal-value problems 
for the Ricci (or Ricci - De Turck) flows are also ill-posed, and this is an impediment, 
in particular, to the construction of a product extension g{t) — gi{t) (Bg2{t) for t < T 
from product data g(T) = g\ (Bg2 on Ni x N2. The trouble is that, while the product 
metric gi © g2 belongs to RF{M, T) - the "image" of the time-T Ricci flow operator 
on M, we do not know whether either of the factors gi belong to RF{Ni,6) for any 
d>Q. 

While Theorem 1.1 is not simply reducible to the backwards- uniqueness of so- 
lutions to (1.1), we will show, nevertheless, that it is equivalent to the backwards- 
uniqueness of a certain larger, mixed parabolic and ordinary-differential, system. The 
argument we will describe in the next section (and carry out in those following) will 
be essentially self-contained and, in particular, independent of the theorems of Berger 
and de Rham. 



3. Non-contraction of Hol'^{g{t)) as a problem of unique continuation. 

Our basic strategy is to interpret restricted holonomy as a condition on the op- 
erator Rm : A^T*M — >■ A^T*M. (This is also the basis of Hamilton's approach to 
non-expansion of holonomy in [H4]). This characterization is natural since the cur- 
vature effectively determines the holonomy Lie algebra (in a manner we will review 
below), but it offers an additional advantage for our purposes in that the curvature 
operator, unlike the metric, satisfies a strictly parabolic equation. 

The representation of the holonomy Lie algebra f)o[((;(T)) on TM gives a sub- 
bundle of A^T*M that is invariant under parallel translation and closed under the 
Lie-bracket given by (1.2). The image of the curvature operator is contained in 
i)ol{g{T)) and, as Km{g{T)) is self-adjoint, its kernel at each p therefore contains 
()o(p(3(r))^. The bundle i)ol{g{T))^ is likewise closed under parallel translation, 
though not in general under the Lie bracket. The following observation shows that 
(as in Theorem 1.4) we may as well consider any parallel subalgebra H containing 
Rm.{g{T)), t}ol{g{T)) being, in a sense, the minimal such H. 

Lemma 3.1. Suppose T-L C /\^{T* M) is a smooth distribution closed under par- 
allel transport and the Lie bracket (1.2). //, for all p € M, image(Rm(g(p))) C Hp, 
then ()olp(c;) C Hp. 

Proof. This follows easily from the Ambrose-Singer theorem [AS] (cf also Besse 
[Bes], Theorem 10.58) which says that the elements of the leftmost union in the 
chain of inclusions 

y (r^oRm(g)or7i)(a;)c \J T;{H,)GHp. 

generate l)olp(.g). Here ^lp,q represents the space of piecewise smooth paths 7 : [0, 1] — >■ 
M with 7(0) = p, 7(1) = q and Tj represents the extension of parallel transport along 
the path 7 to two-forms. q.e.d. 
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Assuming then we have such a H C A^T*M, we consider its perpendicular com- 
plement IC = and associated orthogonal projection operator Pt ■ A^T* M — t- JC. 
Although we ultimately wish to show that Km{g{t))\j^ = 0, we do not know a priori 
whether, for t < T, the fibers of Ti and /C are complementary orthogonal subspaces 
(or that those oiH are closed under the bracket (1.2)) relative to g{t). Thus we first 
define time-dependent extensions B{t) and K{t) for H and K. that retain these prop- 
erties on [0,T]. Then we prove Rm(c/(t)) l^^^j s (hence image(Rm(g'(i))) C H{t)) 
and use this to show H{t) = T-L and K(t) = IC. 

We define H{t) and K{t) as the images of the families of projection maps P{t) and 
P{t) extending Pt and Pt- We have V g[T)PT = Vg(T)PT = and Rm{g{T)) oPt = 
0, and, by spelling out the mandate that they remain complementary orthogonal 
projections, it is not hard to determine what these extensions P{t) and P{t) ought 
to be, namely, the solutions to DtP = on [0,r] with P{T) = Pt and P(T) = Pt. 
Here Dt represents a time-like vector tangent to the submanifold of gf(t)-orthonormal 
frames in the product of the frame bundle with the interval: F(M) x [0, T] (see (3.1) 
and Section 4.2). This extension, in any event, is achieved by solving an ODE on 
each fiber of A^T*M. With P{t) so obtained, we arrive at the following "backwards- 
uniqueness" problem: to show Rm oP{t) = and VP(t) = for all < t < T, given 
their vanishing at t = T. Once it has been established, all that remains is to verify 
that K{t) = image{P{t)) is in fact constant in time. This is a consequence of the 
equation satisfied by P{t), and we do this in Lemma 3.6 below. 

The remainder of the present section will be dedicated to the reduction of Theorem 
1.4 to a precise statement of the backwards- uniqueness problem described above; this 
will be Theorem 3.7. 

3.1. Some preliminaries. The following elementary observation will in fact be 

essential to the computations in Section 4. 

Lemma 3.2. Suppose V is a vector space with an inner product {■,■) and a con- 
sistent Lie bracket [■, ■]. If H C V is a subalgebra, and K = , then [H,K\ C K. 

Proof. The assumption of consistency implies that the trilinear map 

(x,y,z)^([x,y],z) 

is fully antisymmetric. Thus, if /ii, /i2 £ J? and A; € , we have 

([/ll,fc],/l2) = -([/ll,/l2],fc) =0 

as [hi,h2] e H = K^. q.e.d. 

Related to the trilinear form in the above proof is the following operator, which 
we will need to identify in certain of our computations that follow. 

Definition 3.3. Suppose F is a vector space with inner product (•, •) and Lie 
bracket [•,•]. Let 

r : End(y) X End(F) x End(y) -^V* ^V* ^V* 

be the operator defined by 

T\A,B,C\{v^,V2,vz) = ([A{vi),B{v2)],C{v3)) 

for A,B,C€ End(F), Vi € V. 

For completeness, we include the proof of a few elementary properties of projection 
maps and parallel translation that we will use in the sequel. 



RICCI FLOW AND THE HOLONOMY GROUP 



7 



Lemma 3.4. Suppose M is connected and n : V M is a smooth m- dimensional 

vector bundle with connection D and a compatible metric h on its fibers. (We will 
also use D to represent the induced connection D : End(V) — >■ T* M (g) 'End{V)). 
Let H C V be an l-dimensional smooth subbundle, K = , and P : V H, 
P : V ^ K the h-orthogonal projections onto H and K. 

1) For any X £ TM, 

P o DxP oP = Po DxP oP = Po DxP oP = Po DxP op = 0. 

2) The following are equivalent: H is closed under parallel translation, K is closed 
under parallel translation, DP = 0, and DP = 0. 

Proof. For the first claim, we fix X € TM, and difTerentiate botli sides of the 
identity P o P = P to obtain 

DxP oP + Po DxP = DxP. 

Pre- and post-composing both sides of this result with P and using again the above 
identity, we arrive at 

2P o DxP op = Po DxP o P, 
from which wc conclude P o DxP o P = 0. For the second equality in (1), we 
differentiate both sides of P o _P = to obtain 

DxP oP + Po DxP = 0. 

If we now pre- and post-compose both sides with P, the first term on the left vanishes, 
and we are left with P o DxP o P — 0. The identities for DxP follow similarly. 

For the second claim, first note that, since P + P = Id : V ^ V, we have DP = 
if and only if DP = 0. Suppose now that DP = DP = 0. Given p, q € M, X e Hp 
and 7 : [0, 1] — >■ M a smooth curve joining p to q, define X(t) £ V-y{t) by parallel 
transport along 7. If T = 7*(^), then DtP — and DtX = along 7. But the 
compatibility of the metric with D implies f{t) = |P(X(i))|| satisfies 

fit) = 2 (^DrPiX) + P {DT{X)(t)) , P(X(t))) = 

and /(O) = 0. Thus f = and, in particular, P{X{1)) = 0, i.e., X{1) £ = 
Hq. So H is closed under parallel translation. Similarly, K is closed under parallel 

translation. 

Suppose then that, on the other hand, H is invariant under parallel translation. 
Let p, q G M, 7 : [0, 1] — >■ M a smooth path connecting p and q, {Vi}i^i and 
be orthogonal orthogonal bases for Hp and Kp respectively and Vi{t) the 
parallel transports of Vi along 7. Then Vi{t) € J?7(t) for t € [0,1]. For any i, j, 
define A^j{t) = h{~/{t)){Vi{t),Vj{t)). Then A'ij = as above. Since Aij{0) = Sij, 
we have Aij(t) = 6ij. In particular, Hq = sp&n{Vi{l)}i^i = (span{'l/i(l)}^j_|_i)"'", 
so Kq = span{yi(l)}^;_|_i. Since p and q were arbitrary, K is also invariant under 
parallel translation; obviously we can also reverse the roles of H and K. 

Finally, suppose again that H (hence, now, also K) is invariant under parallel 
translation. We wish to show that DP = (which is equivalent to DP = as 
remarked above), and for this it suffices to show that h{p){DxP{U),W) = for 
an arbitrary p € M, X € TpM, and U, W £ Vp. So let 7 : (-e, e) ->■ M be any 
smooth curve with 7(0) = p and 7'(0) — X. Define U{t) and W{t) to be the parallel 
transports of U and W along 7 and let k{t) = h{'y{t)){PU{t),W{t)). By the first part 
of this lemma, we only need to check the "off-diagonal" components of DxP, that 
is, the cases in which U and W belong to opposite summands of = Hp ® Kp. So 
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suppose first that U € Hp and W € Kp. Since H and K are invariant under parallel 
translation, U{t) € ^^^(t) and W{t) G K^(^t), thus 

k{t) = h{'y{t)){U{t),W(t)) = h{p)(U,W) = 0. 

Similarly, if f/ € Kp and W € Hp, then PU{t) = and k{t) = 0. In both cases, we 
have /fc'(O) = h(p){DxU, W) = 0. q.e.d. 

3.2. A time-dependent family of distributions. Going forward, let g{t) be a 

smooth solution of (1.1) on M" for t G [0, T] and define h = g{T). Given a tensor 
field V £ Ti{M) that is, in some sense, "calibrated" to the metric g a.t to £ [0,r], 
there is a natural (and well-known) means of extending to a family of sections V{t) 
for t G [0, T] with the promise of preserving this calibration. Namely, one can define 
V{p, t) in each fiber Tt{TpM) as the solution of the ODE 
B 

(3 1) Qt bib2 -bi — ^bib2--hi^^c Vhib2--bi^ T ''6i62- -6i 

- ^biVcb2---bi - '"■i)2 %c- -i,, -"6; '^i,i62--c 

for t € [0, T] with T^(p, to) = V{p). Note that if F = g{to), this procedure simply 
recovers the solution g{t), and if V and are related by an identification of TM with 
TM* according to the metric (/(to) (i.e., by raising or lowering indices), then V{t) 
and W(t) will be related by the analogous identification of TM and T*M according 
to g{t) on [0, T]. Likewise, a contraction of V by g{to) evolved according to (3.1) will 
be the same contraction of V{t) by g{t). Equation (3.1) is equivalent to considering 
the evaluation of the fixed tensor V on a time-dependent local frame evolved so as to 
preserve the pairwisc inner products of the elements of the frame. We will consider 
a somewhat more formal variation of this identification in the next section; in the 
notation presented there, the above procedure is equivalent to finding a representative 
V satisfying DtV = 0. 

At present, though, (3.1) allows us to identify the distributions H and /C with con- 
venient relatives H{t) and K{t). We let Pt, Pt £ End(A^T*M) denote, respectively, 
the orthogonal projections onto H and K. with respect to h, and construct P{t) and 
P{t) according to the procedure (3.1) with P{T) = Pt and P{T) = Pt- Thus, in 
components, and here regarded as elements of End(A^T*M) = T4(M) (see Section 
4.1), 

d - _ - 

"^^Pabcd — RapPpbcd RbpPapcd P^cpPabpd P^dpPahcp 
"O^Pabcd — P^apPpbcd RbpPapcd PcpPabpd PdpPabcp • 

We then define 

H{t) = image(P(t)) C A^T*M, and K{t) = image(P(t)) C A^T*M. 
We collect here the properties of these subspaces we will need in the sequel. 

Lemma 3.5. Let g, h — g{T), T-L, K., H{t), and K(t) be defined as above, and 
Airal-L — k. For allt G [0, T], AusiH(t) = k, H{t) is closed under the Lie bracket (1.2) 
with respect to g{t), and K{t) = H{t)^. Moreover, if T is defined as in Definition 

3.3, we have 

(3.2) r[P, P, P] = T[P, P, P] = T[P, P, P] = 0. 

Proof. The first three properties are easily verified from equations (1.2) and (3.1). 
The last follows then from Lemma 3.2. q.e.d. 

We now show that if it happens that image(Rm(g(t))) C H{t) for all t, then H{t) 
and K{t) are actually independent of time. 
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Lemma 3.6. With g{t), H{t), K{t) as above, suppose image(Rm(g(t))) C H{t) 
for all t € [0, T]. Then H{t) = H{T) = H, K(t) = K{T) = K. 

Proof. Let m — n{n — l)/2 and p £ M, and h — g(p,T). Choose an find an 
/i-orthonormal basis of sections for A^TpM sucli tliat {(p^}'X^i is a basis 

for Hp and a basis for /Cp. We can then use the procedure described 

by equation (3.1) on the individual forms ip^ to a produce a family of two-forms 
{v>^{t)}A=i on TpM for t G [0,T]. This set will be a g(t)-orthonormal basis for 
A^T*M for any t, and moreover, 

V^{t) if A<k 
if ^ > A;, 



Pit) {^^{t)) 



and 

if A < fc 



P{t) (^^(t)) 



ifi'^it) if A>k. 

Thus {<p^{t)}\=i and {(^^(t)}2'= remain bases for H{t) and K{t), respectively. 
In fact, for t € [0,r], 

k m 
A=l A=k+1 

Now, for any fixed t, we can choose an orthonormal basis {ca} of TpM relative to 
g{p,t); in these components gab{p,t) = Sab- Let M be the symmetric matrix defined 
by 

Rabcd = —MAB'fiab'Pcd- 

For any A, at {p,t) we have (observing the extended summation condition), 

9 a d a r, A 

'El'Pab — —-tiaqiPqb — Hbq'Paq 



Q^-raO ^^^q^qb ^"oq^aq 

^appq'^qb 



Rappq^qb Rbppq^aq 



VapVpqH^qb + Vbp'^pqH^aq] 

»^ II B \ C At , B C A\ , I B \ C At , B C A\\ 
= MBC\\^apW ,V \pb + fapfbqVqpj + yPbpVP Up + VbpVaqVpqj j 

= MbC \^'^ ,1^^^ , ^ — Rapbq^pqp — RbpaqVpq 

= MbC [ V^] ^ + {Rapbq + Rpbaq) fqp 

= MbC \^ip'^,f'''^ ■ ^ - Rbapqfqp 

= Msg [[v'*,<p'^] ^ + Rm(¥'^)o6, 

where the penultimate line follows from the Bianchi identity. That is, 
(3.3) ^y=L{^^) + Rra{^^), 

where L : f\^T*M — >• A^T'M is the linear map determined by 

Note that (3.3) is independent of the frame {ea}. 

We claim that L satisfies L{Hp{t)) C Kp{t) and L(Kp{t)) C Hp{t). First, 
since irnagc(Rm(p, t)) C Hp{t), and Km is symmetric, it follows that Kp{t) C 
ker (Rm(p, i)), and hence that Mbc = if B > fc or C > fe. Also, by Lemmas 
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3.2 and 3.5, we have lHp{t), Hp{t)] C Hp{t), and [Hp{t),Kp{t)] C Kp{t). Stated in 
terms of the structure constants 

^AB /r A B^ C\ 

this is Cc^ = Q ii A, B < k and C > fe, or exactly one of A and B is greater than k 

and C < k. Now, 

(3.4) L{v^)= Yl E MbcC^^CE^V^. 

B,C<k l<D,E<m 

li A < k, then each C^*^ is only nonzero for D <k, 

L(^^)= MbcC-^^'cE^v'' = E ^^'fi^- 

B,C,D,E<k l<E<k 

Likewise, if ^4 > A;, the only non-zero occurences of C^*^ in (3.4) are those with 
D > k, thus restricting the non-zero occurences of C^^ in the sum to those with 
£; > fe. So 

B,C<kk<D,E k<E<m 

Thus defining 

v{t) = (y\t), v^{t), vHt))^, w{t) = (/+i(t), /+^(t), . . . , v"'{t)y, 

and using that Rm(i^'*) s if A > A;, we can restate (3.3) as a matrix equation 

/ V{t) \ / S{t) + M{t) \ / V{t) \ 
\ W{t) ) \ T{t) ) \ W{t) ) ■ 

It follows, then, that for all < t < T, for appropriate coefficients Eg(t), 

k 

^^it) = J2 Ei{t)^''{T) € H{T) = n 

B=l 

if A < A;. Similarly, if A > fc, we have ifi^{t) e /C for all < t < T. q.e.d. 

3.3. A restatement of Theorem 1.4. Now we are able to frame Theorem 1.4 as 

a problem of unique continuation. Under the assumptions of that theorem, we have, 
by Lemma 3.5, a fl((i)-orthogonal decomposition A^T*M = H{t) ® K(t) where H{t) 
remains closed under the Lie bracket. By the symmetry of the operator Rm, we will 
have image(Rm(t)) C H{t) if and only if K{t) C ker (Rm(t)), i.e., if Rm oP{t) = for 
all t G [0, T]. But if image(Rm(t)) C H{t), it follows from Lemma 3.6 that H{t) = H 
and K{t) = IC. To conclude from Lemma 3.1 that l)olp{g{t)) C Hp, we need to know 
further that H{t) = "H is closed under parallel translation with respect to Vg(t) for 
all t. However, by Lemma 3.4, this is true if and only if VP = on M x [0,T]. 
Therefore, Theorem 1.4 is a consequence of the following assertion. 

Theorem 3.7. Under the assumptions of Theorem 1.4, we have 

(3.5) RmoPsO, VP s 

on M X [0, T] where P = P{t) is the projection onto K{t) with respect to g{t) in the 
orthogonal decomposition A^T*M = H(t) ® K{t) provided by Lemma 3.5. 

We remark that, given the dependence of the evolutions of Vg(t) and P{t) on the 
curvature, the aims of proving RmoP = and VP = are not independent. We 
will establish them simultaneously in the course of proving Theorem 3.7. 
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4. A PDE-ODE System 

A few back-of-the-envelope calculations should convince the reader that the system 
consisting oi R = Rm oP and VP is neither parabolic nor too far from being so. 
First, it is easy to see that the application of the heat operator to R produces a term 
involving unmatched second derivatives of P. Schematically, 

{Dt - A)R= {{Dt - A)Rm) *P + VRm*VP + Rm*Ap, 

where we use * to denote some linear combination of contractions of the tensors 
V and W by the metric. Since we have only defined P by the means of the fiber- 
wise ODE DtP = 0, we cannot expect to have much control over V'^'P (beyond 
observations on the level of (1) of Lemma 3.4). A natural option is to try to adjoin 
VVP itself to the system. This addition is logically redundant from the perspective 
of Theorem 3.7 since VP will be parallel on any time-slice on which P is parallel, 
but it comes at the cost of introducing higher order curvature terms. This can be 
seen from (3.1) and the standard formula 

d k k 

— —g {S/ iRjm + ^ jRim — ^mRij) , 

for the evolution of the Christoffel symbols, which yield 

VVP = VV Rm *P + V Rm *VP. 

at 

At minimum, we must introduce a component involving VRm to our system to 
compensate (as it turns out, and unlike the second derivatives of P, the factors of 
VVRm may be controlled by regarding them, effectively, as factors of V(VRm)). 
Prom the perspective of Theorem 3.7, the correct (i.e., redundant) such component 
ought to be f = VRmo(Id xP), that is, the element of TM* (g) End(A^T*M) given 
by 

T{X,uj) = {VxRm){P{oj)), 

since it must also vanish on any time slice where P = and VP = 0. (In fact, for 
any X, the images of the endomorphisms Vx7im{g{p)) lie in i)olp{g), cf Remark 
10.60 of [Bes].) Fortunately, with this addition, our system stabilizes. The tensor 
VRm satisfies a heat-type equation with reaction terms containing only products 
and contractions of Rm and V Rm: 

- A^ VRm = VRm*Rm, 

and the Laplacian falling on the composition T generates only contractions of first- 
and second- covariant derivatives of P with V Rm and V V Rm. Thus we see that the 
application of the heat operator to T introduces no fundamentally new quantities. 
While we have been rather cavalier about the manner in which the components of 
the terms are combined (relative to the decomposition H{t) (BK{t)), we nevertheless 
are entitled to some optimism that the collection of R, T, VP, and VVP will fit into 
a closed system of mixed differential inequalities. We will use the rest of this section 
to make this heuristic argument precise. 

4.1. Notation and statement. In this section, we assume we have a solution to 
Ricci flow g{t) and distributions H and K. as in Theorem 1.4. Let H{t) and K{t) be 
the distributions described in Lemma 3.5, and P(t), P{t) their associated projections. 
We fix notation, once and for all, for the following collection of tensors: 

R =RmoP, R =RmoP, 

T =VRmo(7dxP), f =VRmo(7dxP), 

A =VP, B =VVP. 
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Note that P and P are self-adjoint elements oi E = End(A^T*M). It will 

be convenient to use the metric identification oi E ^ {A^T* M)* (g> f\^T* M with 
/\^T* M ® f\^T* M and further with the subspace of T4{M) in which the members are 
antisymmetric in the first two and last two arguments. We make this identification 
by selecting the normalization 

V hW = ^(V (^W -W (&V) 

for V, W in TM (or T*M) With respect to a local frame {ca} for T*M, we have 

Pabcd = {P{ea A Sb), Be A Cd) , Pabcd = (P{ea A Sb), Cc A Cd) , 

so, if w e k't*m, 

P{oj)cd = PabcdOJab, P{oj)cd = Pabcdi^ab- 

We also define Tmabcd = ^ mRabcd- 

However, for the endomorphism Rm, since we wish to keep the notation Rabcd 
consistent with the usual convention (namely, that with respect to which one has 
(Rm(tt;), > and Rabba > on the standard sphere), we have an additional minus 
sign in our formula: 

Rm(w)cd = —Rabcdi^ab = Rabdc'^ab- 

Similarly, 

(Vx Rm) (w)cd = —VmRabcdXmi^ab = TmabdcXm^Jab- 

The tensors P and P, like R, axe symmetric in the interchange of their first and 
last pairs of indices and antisymmetric in the interchange of the elements of those 
pairs: 

Pabcd — Pcdab — Pabdc — Pbacdi 
Pabcd — Pcdab — Pabdc — Pbacd- 

We also have A^nabcd = ^mPatcd, Bmnabcd = rn'^ n Pabcd , for which Corresponding 
identities hold. The tensors R and T are of course, also subject to the Bianchi 
identities. 

The tensors R, R, T, T arc no longer symmetric in the interchange of the final 
two pairs of indices, but remain antisymmetric in the interchange of the elements of 
these pairs: 

(4.1) Rijkl = PijabRablk = —Rjikl = —Rijlk, 

(4.2) Tmijkl — Pijab^mablk — T^mjikl — ^mijlk^ 

and similarly for R and T. 

Now, we let E = End(A^T*M), 

X = E® (T'M (g)E)^ Ti{M) e n{M), 

y = {T'M ®E)® {T'M (g) T*M (g) E) ^ TsiM) Te{M), 



and define 



X(t) = R{t) ® T{t) € X 



and 



Y(i) = A{t) B{t) e y. 

The goal of this section is to prove the following result. 
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Proposition 4.1. With the above definitions, and under the assumptions of The- 
orem 1.4, for all 5 > 0, there exists aC = C{n,Ko,S,T) such that on M x [S,T], we 

have 



(4.3) 



(4.4) 



I -A,,) IX 



Ay 

dt 



<C(|X|^(,) + |Y|^(,)) 

g(t) 



<C(|X|^(,) + |VX|^(,, + |Y|^(,, 



9(t) 

Here we use the same notation to denote the metrics on X, y, and TM* (g) X 
induced by g{t), and V = Vg(t) and Ag(t) to denote the connection and Laplacian 
induced on X by g{t) and its Levi-Civita connection. 

Remark 4.2. The parameter 5 is an artifact of what will be an eventual applica- 
tion of Shi's estimates [S] for the derivatives of the curvature tensor, reflecting the 
degradation of the estimates as t — >■ 0. If is compact, one can dispense with 5 
in favor of an estimate valid for all t £ [0, T], but with a constant C that now also 
depends on the suprema of the norms of the first and second derivatives of curvature 
on M X [0,T]. 

4.2. The orthonormal frame bundle associated to g{t). The verification of 
(4.3) and (4.4) will depend closely on the algebraic structure of the evolution equar- 
tions R, T, A, B. To aid the computations, we will regard the tensors as functions 
on the product of the (7(t)-orthonormaI frame bundle 0(M) with the interval [0,r]. 
The utility of this perspective to calculations attached to the study of Ricci flow was 
first demonstrated by Hamilton in [H3]. For our application, we will borrow the 
notation and abide by the conventions of Appendix F of [CCG2] , thus, in particu- 
lar, some commutation formulas involving curvature will differ by a sign from their 
counterparts in [H3]. 

Following [CCG2], we let tt : F{M) M denote the frame bundle of M . This is 
a principal GL{n, K)-bundle on M; we take the group to act on the left. On 0[(n, R), 
one has the standard basis of elements {e{a,h)}2^t=ij with e(a,fe)f — 5^3f. We may 
fix a metric h on gl(n, R) by insisting on the orthonormality of this basis with respect 
to h. Thus, 

(e(a,b),e(c, d))h = SdS^. 

Let : GL{n, E) x F{M) F{M) denote the left action and, for any frame F , 
define jiy GL(n, K) F{M) by ij,y{A) = ij,{A,Y). Then we have the isomorphism 

(/ly), : 0l(n,R) Ty{F{M)x) defining the vertical spaces Vy = image ((/ly),), 
where n{Y) = x. At each Y, the Levi-Civita connection V of g{t) defines comple- 
mentary horizontal spaces Wv C Ty{F{M)). For each t € [0,r], there is a unique 
metric g^{t) on F{M) which enforces the orthogonality of the subbundles V and W 
and for which tt : {F{M), g^ (t)) {M,g{t)) is a submersion and 

(/xy). : (fll(n,E),/i) ^ (TY{F{M),),g^it)\ 

an isometry at each Y € F{M). 

A solution g{t) to Ricci fiow on M x (0, T) defines a map 

g:F{M)x [0, T] ^ 5'M„(E)) 

with values in the symmetric n x n matrices. Likewise, a time-dependent family of 

sections of T^iM) may be regarded as an 0(n)-equivariant matrix-valued function 

on F{M) = F{M) x [0, T]. These functions are determined by their values on the 
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submanifold 

0{M)=g-\ld)= U 0{M),^t)X{t}cF{M), 

te[o,T] 

where 0(M)g(t) C F{M) denotes the bundle of gr(t)-orthogonal frames. It is conve- 
nient to use the same notation for the tensors under both of these interpretations. 
Thus for T € T^{M), wc will write 

T^t = TiY)lk = T:kix) = Tix){Ya, Y,, Y^) 

at a given Y £ F{M), where, again, 7r(y) = x, and Y'^ e T*M is the c-th element of 
the frame dual to Y at a;. 

4.3. Elements of a global frame on TF{M) and their commutators. Wc con- 
tinue to follow Appendix F of [CCG2]. From the isomorphisms (/iy)* : 0[(r,R) — )■ 
TyF[M)t,(y), we may generate a basis for each Vy from {e(o, 6)}a^(,=i by defining, 
for each 1 < a, 6 < n and Y € F{M), 

AtiY) = ii^Y)Ma,b)- 

The action of this vector field on a tensor is algebraic. On U € T2{M), for example, 
it is given by 

^bUij = SfUbj + SjUib, 

and on general U £ Ti{M) by 

S31Tja32--3k S32Tj3ia---3k XJk T T3132 ■■ -a 

"b ^iii2...<i "6 ^iii2...ii ••• "6 1112 ■ ■ -n ■ 

The collection {Kl(Y)}2,b=i is an orthornormal basis for each Vy with respect to 
(the restriction of) , but these vector fields will not in general be parallel to 0{M). 
Thus it is sometimes convenient to consider instead the vectors 

(4.5) pab = Sach-b - SbcK.. 

It is easily checked that the set {pab}a<b is an orthogonal basis for TYO{M)^^^y 

Next we define a global frame spanning the horizontal subbundle W C TF{M). 
Given any x € M, vector field X € T^M, and frame Y = {Yi, Y2,..., F„) £ F(M)^, 
define 

7x{t) = ira(t)yi,ra(t)Y2, ■ ■ ■,T„^t)Y„) 

where a{t) is any path in M with a(0) = x and a{t) = X and r^^t) ■ T^M — >• T^^t)M is 
parallel transport along a{t). Then we define, for Y € F{M), and any o = 1, 2, . . . , n, 

d 



(4.6) V.I, = - 



t=0 

That is, we define Va|y to be the horizontal lift of Fa at F € F{M)x- 

Local coordinates {a;'}"=i on M define local coordinates (i\2/a) on F{M) by 
x' = x' OTT and 

In these coordinates. 



y^ = yiiy){ij-y^bnMy))^) 



Thus, for example, on a two-tensor U, 

Vfc(C^ij) = {VU)ki3 = VkUij 
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where the leftmost expression represents the action of Vfc G TF{M) on the R" - 

valued function on F{M), the middle expression represents the value of the R" - 
valued function VU on F{M), and the rightmost expression represents the tensor 
VU{x) evaluated at Yk{x), Yi{x), and Yj{x). Where the interpretation is clear from 
the context, we will the notation of the rightmost expression to represent all three 
cases. The set { Va|y}a=i is a basis for the horizontal space Wy C TyF{M) at each 
Y . Since Vagtj = 0, they are also tangent to TyO{M). 

Finally we consider differentiation in the time direction. As the vector ^ G 

TF{M) is not in general tangent to 0{M), it is convenient to work instead with the 
vector 

A = ^ + Rab9"'K 

which satisfies DtQij = 0. On C(M), it is given simply by 

at 

As remarked in Section 3, extending a tensor field V defined on some time-slice to 
a time-dependent family via the ODE (3.1) is equivalent to solving DtV = Q. In 
particular, for the projections P and P, we have 

(4.7) DtPabcd = DtPabcd = 0. 

The collection {Dt} U {Va}"=i U {Pafe}i<a<6<n, forms the global frame field for 
TO{M) with respect to which we will perform our calculations (although it will be 
convenient to use of all elements of the set {pab}i<a, b<n, i.e., including pab for a > b). 
As derivations on the frame bundle, they satisfy the following commutator relations. 

Lemma 4.3. Restricted to 0{M), the vectors Dt, Aj, pab and Va satisfy 

(4.8) K,VJ = 4'V., 

(4.9) \pab, Vc] = SacVb - 5bc^a, 

(4.10) [A, Va] = VbRacPbc + RacVc = VpRpacbA-l + RacVc, 

(4.11) [Dt - A, V„] = RabdcVbpcd = 2RabdcKNb + 2J^„6V6. 

Here A = VpVp = E;=i VpVp. 

Proof. Equations (4.8), (4.9), and the first equalities in (4.10) and (4.11) appear 
in Appendix F of [CCG2]. For the second equality in (4.10), we compute 

VbRacpbc = VbRac{5bpJ^^ — 5cpA^) 

— (Vp7?ac — Vc-Rap)Ac 

— ^ pRpacb^c- 

For the second equality in (4.11), we compute 

Rabdc^bPcd = Rabdc {pcd^b + \^b,pcd]) 

— Rabdc ((5ceAd — 5deAc)V6 "I" {Sdb'V c — ^cfeVd)) 

— 2{Rabdc^t + Rab)^b, 



using (4.9) in the second line. 



q.e.d. 



16 



BRETT L. KOTSCHWAR 



4.4. Evolution equations for A and B. We begin by computing tlie evolution 
equations for tlie components of the ordinary-differential component of our system. 
Wc will need the following consequence of Lemma 3.2. 

Lemma 4.4. The projections P and P satisfy 

(4.12) PabcdA-tPijkl = 0. 

Proof. Note that 

Pabcd^c-^ijkl — PabdiPdjkl ~\~ PabdjPidkl "h PabdkPijdl ~\~ PabdlPijkd 

— ~ PabidPkldj H" PabdjPklid PabkdPijdl H~ PabdlPijkd 

= [P(efc A ei),P{ea A et)] , a A e^-^ 

+ ^ ^P{ei A ej),P{ea A ea)] , Cfc A ej^ 
In view of Lemma 3.2, we have [K{t),H{t)] C K{t), thus 

PabcdAiPijki = ( [P{ek A e,), P(ea A et)] , P(e, A e,)^ 

+ [P(e, A e,), P(ea A e^)] , -P(efc A e,)) 

which vanishes on account of antisymmetry of the map {X,Y,Z) i->- ([X,Y],Z). 
q.e.d. 

In view of (4.7), the only non-zero contributions to the evolution equations for 
A = VP and B = VVP come from the time-dependency of the connection. These 
contributions are encoded in the commutators of Dt with the horizontal vectors Va- 

Proposition 4.5. Regarded as a matrix-valued function on 0{M), the tensor A 

evolves according to 

2^3) P^tAjnij}zl — PmrA-rijkl PpjklTrpirm Pipkl'Prpjrm 

^ijpl^rpkrm PijkpPrplrm- 

Proof Since DtPijki = 0, we have DfAmijki = DtVmPijki = [Dt,Vm]Pijki- Thus 
from (4.10) we have 



Now, 



P^t-^mijkl — P'Tnr-^rijkl H~ 'Prrmpq^pPijk 

viPuvpq H" Puvpq) 
~'Prpqrm H" 'PrrmuvPuvpqi 



SO 



'Prrmpq^pPijkl — 'Prpqrm^pPijkl ~l~ Trrmuv Puvpq-^pPij kl 
— 'Prpqrm-^pPijkh 

on account of Lemma 4.4, and (4.13) follows. q.e.d. 
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Proposition 4.6. Regarded as a matrix-valued function on 0{M), the tensor B 

evolves according to 



Psjkl^ rn^rsirn Piskl^ mT^rsjrn Pijsl^ rn^rskm Pijks^ m'-^rslrrt 
~t~ '^rrnvwi^Psjkl-^mvwsi ~\~ Piskl-^mvwsj ~t~ Pijsl-^mvwsk ~\~ Pijks-^mvwsl^ • 

Proof. As before, DtBmnijki = [Dt,Vm.Vn]Pijki- We compute this commutator 
using a double application of (4.10): 

[Dt, VmVn] = [Dt, \/m]V„ + \/m[Dt, V„] 

— Rmr^ n ~\~ Tj-rmsu-^s ^ n ~\~ ^ mRnr^ r ~\~ Rnr^ r 

V T -I- T \7 A" 

-p \ rn-^rmsu^^s i -^rrnsu v m-^^s ■ 
Then, using (4.8), we have Trrnsu'Vm^s = —Trrnsm^s = Trrnms'^s, SO 
(4 15) -^t-^mnijkl ~ Rmr-^rnijkl H" Rnr-^mrijkl "I" ^ m'-^rrnsu-^s -^ijkl 

Now, since P + P = Id, wc have A = VP = —VP; applying this and considering 
the decomposition of T into components as above, we compute 

^ mTrrnsu — Vm sum ~\~ Trrnvw Pvwsu) 

— ^ mTrsurrt Trrnvw-Amvwsu ~\~ ^ m'-^rrnvw-Pvwsu' 



Using Lemma 4.4 again, we therefore have 

(4.16) ^ m'^rrnsu-^s ^ijkl — {^mTrsurn ~\~ Trmvw-Aravwsu^-^s Pijkl- 

Finally, we can simplify the last line of (4.15). The last term is 

Trrmsu-^s Afiiji^l — Trrmsn-Agijki -\- Trrmsi-Ansjkl ~\~ '2~rrmsj -'^nzsfci 
"h Trrmsk-Afiijsl H" '^rrmsl-Anijksf 

and 

^ mRns ~\~ l^rrnms ~\~ Trrmsn — ^ mRns H" sRmn ^ mRsn) H~ nRsm ^ sRnrn) 

— ^nRms-) 

SO the last line reduces to 

mRns Trmms^Asijf^i Trrmsu^s -^nijkl 

(4.17) — ^ nRms-Agijki -\- Trrmsi-Ajisjkl H~ '^rrmsj Ajij^g^i 

Combining (4.15), (4.16), and(4.17), we then obtain (4.14). q.e.d. 

4.5. Evolution equations for R and T. Recall that for A, B € End(A^TpM), 
one can form the product ^#5 £ End(A^rp Af) = A^TpM* ® A^T*M* defined by 

^ i E ([^(^^),B(v'^)],u;) • [v,^,^^] 

M,N 

where {<^a} is an orthonormal basis for f\^T*M. This product is bilinear and sym- 
metric in its arguments, and with it, we define the square A* = A=f^A. In terms 
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of the structure constants l(p^,ip^] = Cp'^ip^ (and regarded as an element of 
A^T^M* ® a2t;M*), we have {A#B)ij = {l/2)AMpBNQC^'^Cf'' . 
Now define 

Q : End(A^T*M) End(A^T*M) 

by 

(4.18) Q{A) = A^ + A* 
and 

S : End(A^T*M) x (TM* O End(A^r*M)) TM* ig) End(A^r*M) 

by 

(4.19) S{A, F){X, ■)=Ao (F_iX) + (F_iX) oA + 2{FjX)#A. 

These operators arise as reaction terms in the evolution equations for R and T. 

Proposition 4.7. Viewed as matrix-valued functions on 0{M), the tensors R 
and T evolve according to 

(4.20) {Dt - A)Rijki = -S(Rm)„fei, 
and 

(4.21) {Dt — A)Tmijkl = ^RmbTbijkl + '^Rmbdp-^d'^bijkl — <S(Rm, V Rm)mijkl- 

Proof. Equation (4.20) is standard. For (4.21), we use (4.20) and (4.11): 

{Dt - A)Tmijkl = [Dt - A, Vn,]Rijkl + Vm{Dt - A)Rijkl 

= 2 {RmbVb + RmtdpA'^b) Rrjkl " V™(Q(Rm)) 

(Q(Rm)). 

For the last term, note that at any p € M, 

V(Q(Rm))(e^, •) = VmRmoRm + RmoVmRm + Rm#VmRm 
= <S(Rm,VRm)(e,„,-) 
in view of the symmetry of the product q.e.d. 

Remark 4.8. We choose to leave the terms ^R^^Tajki + 2RmbdpA^ci^bijki in (4-21) 
in a rather raw form for convenience in a later computation, however, we might 

alternatively have written 

RmbTbijkl + Rmbdp-A^Tbijkl = RmbdiTbdjkl + RrnbdjThidkl + RmbdkTbijdl + RmbdlTbijkd 

= U{Rra, V Rm)jnijki 

where 

U : End(A^T*M) x {TM' (g) End(A^T*M)) TM* (g) ^^T*M (g> A^T*M 
is given by 

n 

U{A, F){X, oj,v) = Y^ {{[A{ei A X), F{ei,oj)] , r?) + ([^(e* A X), F{ei, r?)] , oj)) 

1=1 

in the fiber over p for {e^} an orthonormal basis of TpM. Alternatively, using the 
second Bianchi identity and the symmetries of T, one can define the tensor Cmijki # 
—TmipqjRkpqi (aualogous to Hamilton's Bijki = —RipqjRkpqi) and write the evolution 
of T in the form 
{Dt — A)Tmijki 

— 2{Crnijkl ~t~ Cmklij Cmijlk Cmlkij ~t~ Cjnikjl ~t~ Cmjlik Cmiljk Cmjkil^ 
~t~ 2{Ckljmi Clkjmi ~t~ Clkimj Cklimj ~t~ Cijlmk CjUmk ~t~ Cjikml Cijkml ) • 
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If V denotes the projection T^{M) h^T*M ®s A^T*M (where (gis denotes the 
symmetric tensor product), that is, 

'P{V)ijki = -{Vijki — Vjiki — Vijik + Vjiki + Vkiij — Vikij — Vkiji + Vikji), 

o 

then the sum in paranthosos on the last line in the expression above (which corre- 
sponds to W(Rm, VRm)) is —8 • P{C-i4em) where jjX denotes inner multiplication 
by X in the i-th argument. 

4.6. Evolution equations for R and T. Using the results of the preceding section, 
we now compute the evolutions of the components of the parabolic portion of our 
PDE-ODE system. We begin with the consideration of the reaction terms Q(Rm) 
and S (Km, V Rm) . 

Lemma 4.9. Denote temporarily R = Rm, T = VRm. At any p € M, 

(4.22) Q{R)oP = RoR + R*#R* +Rmif^R* 

and 

(4.23) {S{R, T)jX) oP = Rofx+TxoR+ {f*x#R* + Tx#R*) o P 
for any X £ TpM , where we use the shorthand 

Tx = T_,X fx = fjX e Erid(A^r;M), 
and denote the adjoint of an operator A € End(A^TpM) by A* . 

Remark 4.10. As we observed in (4.1) and (4.2), the operators R, R, f, T are no 
longer self-adjoint. However, R* = P o R, R* = P o R, = P o Tx , fi = P o Tx . 
In coordinates, for example, R*jki = PabkiRijba, and similarly for the others. 

Proof. The origin of the first term in (4.22) is clear. For the second, we use 
P + P = Id and expand to find 

p#J^ = ((p + p) o i?) # ((p + p) o p) 

= {Po R)#{P o P) + (P o P)#(P o P) + (P o P)#(P o P) + (P o P)#(P o R) 
= R'#R' + 2P*#P* + P*#P*. 

We claim {R*#R*) o P = 0. To see this, let p G M and {i^^} be an orthogonal basis 
for A^(TpM). Then for any 1 < Af < n(n - l)/2, we have 

(P*#P*)(P(VP^)) = i^([p(P(^^)),P(P(^^))] ,P(^^)) . [^^^^] 

A,B 
A,B 

which vanishes by Lemma 3.4. Thus 

{R^ + R*)oP = RoR+ (2P*#P* + R*#R*) o P 

= RoR+ {R*ij.K' + P#P*) o P 

We argue similarly for (4.23). Again the first two terms are clear, and for the 
term involving the Lie-algebraic product, we expand into components relative to the 
decomposition A^T*M = Hp ® Kp-. 

Tx#P=(Ti+fi)#(P'+P') 

= fi#P* + fx#R* + Tx#R'. 
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Then, just as before, 

(Ti#i?') o P(^^) = i ^ T[P, P, Pmx, ^^),R{v'^), • 

^ A,B 

and so is zero for all A*' by Lemma 3.4. q.e.d. 
Remark 4.11. As functions on the frame bundle, we have 
(Q(Rm) o P)i^ 

kl — RcdlkRijcd ~\~ '^Pijcei^RcpqlRepqk ^cpqk-^^pql) 

(4.24) ^ _ ^ 

~t~ '^^ijcei^Rcpkq^epql Rcplq^epqk) ^ 

and 

(5(Rm, VT) O (Id XP))mijkl = RablkTmijab + TjnaUkRijab 
(^•^^) ~t~ '^Rijce.i^Rcpql^mepqk R-cpqk^mepql^ 

~t~ '^Rijcei^'^mcpkqR'epql '^mcplqRepqk^ • 

Proposition 4.12. The tensor R, regarded as a matrix-valued function on 0{M), 

evolves according to 

(4.26) {Dt — A)Rijkl = 2ApijabTpabkl + BppijabRabkl + (S(Rm) O P)ijkl. 

Proof. We have 

{Dt - A).R = Rmo(Di - A)P- 2Vp RmoVpP+ (D* - A)RmoP 
= - Rm oAP - 2Vp Rm oVpP + Q(Rm) o P, 
using (4.7) and (4.20). Then 

— (RmoAP)jjfe( = —A.PijabRablk = BppijabRabkl, 

and 

— 2(Vp RmoVpP)ijfc( = — 2VpPjja()Vpi?aWfc = '^ApijabTpabkl, 

and (4.26) follows. q.e.d. 

Proposition 4.13. The tensor T, viewed as a matrix-valued function on 0{M), 

evolves according to 

{Dt — A.)Tmijkl 

= ^Apijab^ pT,nijkl + BppijabTmabkl + [S{R,T) O (Id X P) J 

(4.27) / - - - - \ 

2 ( RmpqiTpqj kl ~\~ RjjipqjTpiqkl ~\~ RmpqkTpijql -\- RmpqlTpij kq 1 
+ 2 ^RqimpTpqjkl ~t" RqjmpTpiqkl ~t" Tpablk ^PijqbRqamp ~t~ PijaqRqbmp^^ ■ 

Proof. We obtain the evolution equation for T by a computation similar to that 
for R. Namely, we have Tmijki = -PijabTmabki, and, as before, 

(4.28) {Dt A^Tjriijkl — Rijab{Di A^Tmablk ~\~ '^Apijab^ pTmabkl ~\~ BppijabTmabkl. 

By (4.21), we have 

(4.29) {Dt — A)Tmablk = '2{Rm,p + Rmpqr^q)Tpablk — >S(Rm, V Rm)mablk, 

and 

S{Rin,VRin)mablkP,jab = -{S{R,T) O {Id X P))mijkl, 

so we just need to consider the contraction of first term in (4.29) against Pijab- 
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First, since is a derivation, we can write 

P A^T* \^T^ T A'^P 

Also, 

Rmpqr — Rqrmp — (,f*qruv ~t~ Pqruv)Ruvvnp — Rqrpm ~t~ PuvqrRuvmp^ 

SO 

PijabRmpqr^qTjnablk — Rmpqr ^qTmijkl T^nablkiRqrprn + PuvqrRuvmp q Pi jab 
— Rrnpqr -^qTmijkl TmablkRqrpm-^qPijab 

by Lemma 4.4. With this, we can expand to obtain 

■Pijabi^Rmp H" Rmpqr^q)T^pablk 

— RmpqiTmqjkl ~\~ RmpqjTmiqkl H" RmpqkTrriijkql H" RmpqlTmijkq 

(4.30) T-piafyiJ^ (^Pqjab-Rqipm ~\~ PiqahRqjpm H" PijqbRqapm H" PijaqRqbprn^ 

— RmpqiPqjiqjkl "h FtmpqjTjfiiqJzi -\- Rrnpqk'P'mij kql H" Rmpql'P'mijkq 

Tmqj kl Rqipm T'miqklRqjpm H~ l^mabkl ^Pij qb Rqapm H" PijaqRqbprn^ • 

Equations (4.28), (4.29), and (4.30) then combine to yield (4.27). q.e.d. 

Remark 4.14. For the sequel, we observe that the quantities A, B, R, and T 
satisfy the following schematic equations: 

(4.31) DtA = R* A + P *f, 

(4.32) DtB = R*B + T*A + P*'Vf + P*T*A, 

(4.33) {Dt - A)R = T*A + R*B + R*R + P*R**R + P*R*R, 

(Dt - A)f = VT*A + R*B + R*R + P*R**R + P*R*R 

(4.34) ^ ^ ^ _ ^ 
+ P*T*R + P*R* *T*. 

For our purposes, the key feature of these equations is that each term contains at 
least one factor of (some contraction of) A, B, R, T, VT, or their adjoints. Under our 
hypotheses, the other factors (including the extra linear factors of the components of 
our system) will be bounded, and this is enough for the application of the backwards- 
uniqueness result from [K], Theorem 5.1, below. 

4.7. Proof of Proposition 4.1. We are now in a position to prove Proposition 4.1. 
By the estimates of Shi [S], if g{t) is a complete solution to (1.1) with 

I R.m(x,f)|3(t) < Ko 

on M X [0, T], then, for all m > 1, and all 5 > 0, there exist constants = 
Km{n, Ko, T, 5) such that 

(4.35) |v^'"'Rm(x,t)| < Km 

on M X [5,T]. The tensors P and P, being projection tensors, are also clearly 
bounded. In fact, if dimH = k, then |^|g(t) = k and = n{n — l)/2 — k on 

M X [0, T]. Hence R, R, T, and T (and their adjoints) are likewise uniformly bounded 
on M X [S,T]. Thus we have only to verify that A and B are also bounded. This 

is more or less evident from the evolution equations (4.13), (4.14) at this point. We 
only need to observe first that, since -Dt = ^ + RabA.^, one has 

DtU=-^U + Rc*U, 
at 
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for any tensor U and then, that, from (4.35) and the above discussion, we have, on 
Mx[d,T], 



dt 



<C{\A\ + 1), 



<C(|A| + |B| + 1), 



for an appropriate C. (Note that \IT = A * T + P * VT.) At i = T, we have 
\A\ = |B| = 0, so we obtain that |^| and (consequently) \B\ are bounded on M x [5, T] 
as well. 

Taken with equations (4.31) - (4.33), we have established that there exists a con- 
stant C = C(n, Ko,T, S) such that 



(4.36) 
(4.37) 
(4.38) 

(4.39) 



§-a\ < C (\A\,^,) + |f |,(,)) , 

CI lg(t) ^ ^ 



B 



dt 

A 1 R 



< C 



s(t) 



+ \B 



9{t) 



|vr|,. 



(t) 



git) 



< C {\A\,(t) + \BUt) + \RUt)) , 



^ - A T 



9(t) 



9{t) 



\R\ 



9(t) 



IT 



9(t) 



on M X [5, T\. Proposition 4.1 then follows at once from the Cauchy-Schwarz inequal- 
ity. 

5. Backwards-uniqueness of the PDE-ODE system 
The following is a special case of Theorem 3.1 in [K]. 

Theorem 5.1. Let X and y he finite direct sums of the bundles T^{M), and 
X € C^iX X [A,n]), Y G C^iy x [A,D.]). Suppose g{t) is a smooth, complete 
solution to (1.1) of uniformly bounded curvature. Further assume that the sections 
X, Y, and VX are uniformly bounded with respect to g{t) and satisfy 



(5.1) 
(5.2) 



d . 





2 


y 


9(t) 


\dY 


2 


\ dt 


9(t) 



<c(|x|^(,) + |vx|^(,) + |y|^(,)) 



75- <C(|X|j(,) + |VX|^(,) + |r 



ait)) 



for some C7 > 0. Then X(-, Q) = 0, Y(-, fi) s implies X = Q,Y = Q on M x[A,a\. 

Combining this result with Proposition 4.1, wo have essentially proven Theorem 
3.7; it only remains to sec that the conclusion is valid all the way down to t = 0. 

Proof of Theorem 3.7. With X, y, and X{t), Y{t) defined as in the previous section, 
we may apply Proposition 4.1 and Theorem 5.1 on M x [(5, T] for any < 5 < T, 
to obtain the conclusion of Theorem 3.7 (and hence Theorem 1.4) for all t € (0,T). 
But P{t) and P{t) are smoothly defined (and are complementary (;(t)-orthogonal 
projections) on h'^T*M for all t e [0,T]. Thus the vanishing of VP and VP on 
M X (0, T) imply by continuity that VP(0) = VP(0) = also. Moreover, ker(P(i)) = 
K. and ker(P(t)) = for t G (0, T), thus continuity again implies that K. C kerP(O) 
and T-L C kerP(O). Since P(0) and P(0) are complementary orthogonal projections, 
with 



rank P(0) = rank P{t) = dim and rank P(0) = rank P{t) = dim IC, 
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we must actually have ker (-P(O)) = K, and ker {P{0)) = %. We also therefore have 
imagc(P(0)) = H, and imagc(P(0)) = K,, and it follows that H and /C arc orthogonal 
with respect to g{Q). Since P(0) and P{Q) are parallel, H and K. are invariant under 
Vg(o)-parallel translation by Lemma 3.4. Finally, since (Rm oP){t) s for < t < T, 
it follows that Rm(0)|^ : K, — > A^T*M is also the zero map. The symmetry of 
Rm then implies that image(Rm(0)) C and, by Lemma 3.1, we conclude that 
i)olp{g{0)) C H, completing the proof. q.e.d. 

Remark 5.2. By a result of S. Bando [B] (sec also Remark 13.32 of [CCG2]), 
if g{t) is a complete solution of (1.1) of bounded curvature, then (M,g(t)) is a real- 
analytic manifold for < t < T. Hence at any t > Q, any representative \)o\p{g(t)) of 
the isomorphism class of [)oI(g(t)) is generated by the set 

oo 

|J{ VxiVx2---Vx,Rm(p,t)(w) I Xi,X2,...,X, €TpM, w € A^T;M } . 

1=0 

(See [KN], Sections ILIO, IIL9.) Thus we can localize Theorem 1.4 somewhat: 

If, at some p G M, the cndomorphisms coming from the covariant derivatives of 
Rm((;(r)) of all orders arc contained in some subalgcbra C A^TpM, then, at 
every q, i:)olq{g{T)) is contained in a subalgcbra isomorphic to Hp. We can then 
apply Theorem 1.4 to conclude that, for all {q,t) £ M x [0,r], t)olg{g{t)) is contained 
a subalgcbra isomorphic to Hp. In particular, if g{T) admits a splitting on some 
neighborhood U G M at some time T > 0, g{t) must split on a neighborhood of 
every p € M at all times <t <T. 

Appendix A. An alternative proof of the non-expansion of Hoi" {g{t)) 

In this section we present a second and essentially self-contained proof of Theorem 
2.1, using the general framework of Theorem 1.1 (but different methods). Although 
we do not use the maximum principle for systems in [H2], the argument is close to 
that suggested by Hamilton for Theorem 4.1 of [H4]. We include it here only for 
reference and comparison purposes. 

Theorem 2.1 has the following infinitesimal reformulation, corresponding to The- 
orem 1.4. 

Claim. Suppose "H C f\^T* M is a smooth subbundle that is invariant under 
Vg(()) -parallel transportation and the bracket [■,-]5(o). If Rm((7(0)) C then it 
follows that Y{m{g{t)) C Ti. for all t and that T-L remains invariant by Vg(t)-parallel 
transport and the bracket [•, •]g(t). In particular, \)o{p{g{t)) C 1-Lp. 

Similar to the proof of Theorem 3.7, we extend the projection operators Po and 
Po onto T-L and K. = T-i^ at time t = to operators P{t) and P{t) for t > 0. 
The key difference is that wc accomplish this by the solution of a linear parabolic 
equation rather than by an ODE. Although with this choice we lose (temporarily) 
the assurance that the maps remain orthogonal projections, it allows us to effectively 
decouple our system and reduce the number of components from four to two. 

Proof of the claim. Denote by /C C a'^T*M the orthogonal complement of "H and by 
Po. P() the projections onto y. and K. taken with respect to the metric induced by 

9(0). 

By assumption, g{t) is complete and Rm((;(t)) uniformly bounded, and so wc 
can define P{t) and P{t) on M x [0, T] to be the unique bounded solutions to the 
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equations 

(A.l) ( ^/ ^^^^^ ~ RapPpbcd RbpPapcd RcpPabpd RdpPabcp 

(A. 2) I ^ ) ^^^^^ ~ ^ap^pbcd ^hpPapcd ^cpPabpd ^dp^abcp 

with P{0) = pQ and -P(O) = Po- As functions on 0{M), the above equations are 

{Dt - A)Pabcd = 0, (A - A)Pabcd = 0. 

Since H is parallel initially, Amijki = VmPijki = initially by Lemma 3.4. We 
claim Amijki = for all < t < T. Its evolution is 

{Dt - A) Amijki = [{Dt - A), Vm] Pijkl 

= 2(i?m,6dcAdV6 + Rm,cVc)Pijkl, 

and so 
that is, 

d 



^^-A)A <C\Al 
for C = C{n,K). Defining Q = \A\'^, we thus have 

|-a)q = -2|VVP|^ + 2((|-a)aA 
< 2CQ, 

so 

Q{x,t) < e^^^ sup Q{x,0) = 

on M X [0, T] by the maximum principle. 

Strictly speaking, when M is non-compact, our use of the maximum principle 
requires some justification. Since M has bounded curvature (and, in particular, a 
lower bound on 'Rc{g{t))), we need only to verify that Q does not grow too quickly 
at infinity. We omit the full details of this verification, but point out that, for 
example, one could use a Bernstein- type trick, as in [S], and consider the quantity 
F = {L+ \Pf)Q where L > is constant. Then F satisfies F{p,0) = 0, and, if 
L = L(n, sup \Pf) is sufiiciently large, the equation 

^ - A^ F < CiF - C2F\ 

for positive constants d = Ci{Ko, L,n). Using a standard cutoff function and the 
maximum principle, one can prove 

sup F{x, t) < Csin, Ko,L,T)(^^ 

for all p » 0. Hence, upon sending p ^ oo, one obtains that Q = IVPI^ < C7 on 

M X [0,T]. 

We conclude, in any case, that P remains parallel, and must actually satisfy the 
ODE DtP = 0. Likewise, we have VP = and DtP = 0. But, by Lemmas 3.4 
and 3.5, this implies that P and P remain complementary projections, and hence 
that H{t) = image(P(t)) and K{t) = image(P(t)) remain complementary orthog- 
onal Vg(t)-parallel subbundlcs, with H{t) invariant under the bracket [•,-]g(t). In 
particular T[P, P, P] = by Lemma 4.4. 
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Now we define R = RmoP as before. We have R{0) s by assumption, and 
claim R{t) s for all < t < T. Since VP = 0, 

(A - A)^ = Q(Rm) o P. 
Using T[P, P, P] = 0, we have, by (4.22) and Shi's estimates, 

|Q(Rm) opI"^ < C\R\\ 
So the (uniformly bounded) quantity W = \R\'^ satisfies 

[§^-a)w<cw 

with Vi^(O) = 0; thus W{t) = by the maximum principle. Hence image (Rm(/:)) C 
H{t). Applying Proposition 3.6 shows that H{t) = H and K{t) = JC, and the theorem 
is proved. q.e.d. 

Acknowledgement. The author wishes to thank Professors Bennett Chow, Ger- 
hard Huisken, and Lei Ni for their support and encouragement. 
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